In this paper the nonstandard theory of uniform topological spaces is applied with two main objectives: (1) to give a nonstandard treatment of Bernstein's concept of p-compactness with additional results, (2) to introduce three new concepts (p,q)-compactness, p-totally boundedness and p-completeness. I prove some facts about them and how these three concepts are related with p-compactness. I also give a partial answer to the open question stated in [3] 2010 MSC: Primary 46A04, 46A20; Secondary 46B25.
Introduction
It was in 1966 that Abraham Robinson's book [4] on nonstandard analysis appeared. His methods were based on the theory of models and in particular on the Lowenheim-Skolem theorem. He introduced extension * X (in a superstructure no standard) of any set X (in a standard superstructure) by looking at nonstandard models of their respectives theories. "Infinitely close" or "infinitely large" were to be found in the enlargement * X . In this way he was able to justify proofs using "infinitesimals" or "monads" and that was not possible before his discovery, more over, he showed that these methods were able to produce original solutions to unsolved mathematical questions as well.
This approach to the nonstandard analysis is based on the axiomatic set theory called ZFC (Zermelo-Fraenkel with Axiom Choice), all theorems of conventional mathematics remain valid. We start with a superstructure S , the sets A, B, X , etc. are set of individuals in S. The extensions or enlargements * A, * B, * X , etc. are sets in the superstructureŜ.
Nonstandard analysis is a technique rather than a subject. Aside from theorems that tell us that nonstandard notions are equivalent to corresponding standard notions, all the results we obtain can be proved by standard methods. Therefore, the subject can only be claimed to be of importance insofar as it leads to simpler, more accesible expositions, or, more important, to mathematical discoveries. In writing formulas we use conventional symbols such that ∈, =, ∀, ∃, ⇒, ∨, ∧, ∼, () etc.
Some Notions of Nonstandard Theory
The nonstandard enlargements satisfies the following properties:
A is a finite set. Therefore, * N \ N, * R \ R are non empty sets whose elements are called "infinite large numbers".
In general, for any infinite set X, * X \ X =φ Each function f : A → B has an "extension" * f : * A → * B . For this we observe that f ⊂ A × B , so that, * f ⊂ * A × * B Given a topological space (X, t) and z ∈ * X , the monad of z is
Let L denote a language in the standard superstructure and byL we denote de corresponding language in the nonstandard superstructure. A formula of L in which no variable has a free occurrence is called a sentence of L. For each sentence α ∈ L we have correspondent sentence * α ∈L . α = * α ⇔ α contains only constants b ∈ S Let α be a sentence of L, we will denote |= α if " α is true in S"; we will denote * |= * α if " * α is true inŜ"
The TP provides one of the basic tools of nonstandard analysis. A mathematical theorem that is equivalent to |= α for some sentence α ∈ L can be proved by showing instead that * |= * α [1] .
A relation R ⊂ A × B is called concurrent if given a 1 , a 2 , ..., a n ∈ dom(R) there exists b ∈ B such that (a i , b) ∈ R for all i = 1, 2, ..., n Concurrence Theorem (CT): If R is a concurrent relation then there exists b ∈ * B such that (
We only will consider Hausdorff uniform topological spaces (X, t) , with uniformity U . Then, on * X we will consider three non-Hausdorff topologies: a) τ U will be the topology generated by the sets
b)τ U will be the uniform topology on * X given by the
For any z ∈ * X , µ(z), o(z) and i(z) will denote the monads of z for the topologies a), b) and c) respectively.
The bigger the topology the smaller the monad.
If
is continuous. The topology on the set of natural numbers N always be the discrete topology.
For any p ∈ * N \ N and any topological space X
p-Compactness
Definition 3.1. Let p ∈ * N \ N be and {z n | n ∈ N } ⊂ * X . We will say that z ∈ * X is a p-limit of the sequence {z n } ( z = p − lim z n ) if z is an accumulation point of the sequence such that for each O ∈ t , with z ∈ * O ,
The following sentence is true in the nonstandard structure (∃ n ∈ * N )(x n ∈ * O) , by the PT (∃ n ∈ N )(x n ∈ O) is true, i.e., A = {n ∈ N | x n ∈ O} = ∅ y, p ∈ * A.
Definition 3.6 ([3])
. A topological space (X, t) is p-compact if every sequence in X has a p-limit in
Proof. ⇒ ) The contention left to proof isX ⊃ β ′ p X Let {x n } ⊂ X be such that q ∈ µ(x p ) . Since x p ∈ µ(x) for some x ∈ X , this implies that q ∈ µ(x p ) ⊂ µ(x) ⇐ ) Nothing left to prove.
Definition 3.9. Let t p be the topology generated by the set {O ∈ t | * f (p) ∈ * O for some f : N → X} t p is closed under intersections. Lemma 3.10. X t p -compact implies p-compact. Proposition 3.11. (X, t) p-compact implies for each numerable t p -cover of X has a finite sub-cover.
Corollary 3.12. If X is p-compact and t p -Lindelof then it is t p -compact. 
(p, q)-Compactness
Theorem 4.3. (X, t) is (p, q)-compact if and only if it is p and q compact.
Proof. ⇒ ) Let us prove that X is p-compact. Let f : N → X and π 1 : N × N → N be the projection in the first coordinate, then
This implies that
⇐ ) Let us consider f : N × N → X . To prove that there exists x ∈ X such that * f (p, q) ∈ µ(x) . For each n ∈ N we define f n : N → X as f n (m) = f (m, n) . By hypothesis, there exists x n ∈ X such that
is an open basic set of N X} is a basis of the topology on * ( N X) . By the q-compacity of X , there exists y ∈ X such that * g p (q) ∈ µ(y) and for each y ∈ U ∈ t , q ∈
e., the following formula is true (∀ n ∈ N )(n ∈ A ⇒ * f (p, n) ∈ * U ) . By the PT, the following formula is true (∀ n ∈ * N )(n ∈ * A ⇒ * f (p, n) ∈ * U ) .
p-totally bounded and p-complete
Definition 5.1. All uniform space (X, t) is completely regular, let us denote by {ρ j } J the saturated family of pseudometrics that define the topology t given by the uniformity U . We recall that for each z
and for all x ∈ X , µ(x) = o(x) For (X, t) we define the set
Proposition 5.3. z ∈ pns * X ⇔ given ǫ > 0 and any pseudometric ρ j there exists x j ∈ X such that * ρ j (z, x j ) < ǫ.
Proof. ⇒) Let z ∈ pns * X be given, then, o(z) = µ(z) . For any ǫ > 0 , a pseudometric ρ j and
Proposition 5.18. p-compact ⇔ p-complete and p-totally bounded. 
I will prove that if Q 2.21 is true then Q 2.20 is true.
Definition 5.22. We will say that N q is p-compact if each function f : N → N q ֒→ * N , its extensionf :
Remark 5.23. N q p-compact ⇒ p ∈ N q .
Definition 5.24. p ∈ * N \ N is a weak P-point if p ∈C ⊂ * N \ N ⇒ p ∈ C.
We denote the set of weak P-points by wP.
Theorem 5.25. q ∈ wP ⇒ N q p-compact for all p ∈ N q .
Theorem 5.26. p ≤ C q and p ∈ wP ⇒ N p ⊂ N q ⇒ p ∈ β ′ q N. Proof. If there is some z ∈ N p \ N q then both N p is z-compact and q ∈ β ′ z N . Hence, there is f : N → N such that q ∈ * A ⇔ * f (z) ∈ * A for all A ⊂ N which implies thatĝ(q) ∈ N p sinceĝ( * f (z)) ∈ N p for all g : N → N p Therefore N p is q-compact and, because p ≤ C q , N p is p-compact then (Theorem 5.25) p ∈ N p . This contradiction tells us that there is not z ∈ N p \ N q . Now we can restate Q 2.21: Is there p ∈ * N \ N such that N q is p-compact for all q ∈ wP ? or q∈wP N q = ∅ ? If this last inequality is true, that is, if there is p ∈ q∈wP N q then q ≤ C p ∀ q ∈ wP thereby T C (p) ∩ wP = ∅ (Q 2.21)
